A continuous-scan LDV can be used to give the response mode shape (ODS) of a vibrating surface as a spatial polynomial series. Second spatial derivative(s) of the deflection equation are then easily derived, and these should, in principle, give a curvature equation from which, for a beam or plate of known cross-section, stresses and strains can be obtained. Unfortunately, the stress and strain distributions depend critically on higher terms in the series, which are not accurately measured. This problem is avoided by a method described in this paper, which enables accurate stress and strain distributions to be derived for uniform beams, from a straight-line LDV scan, using only five terms in the mode-shape polynomial series.
INTRODUCTION
The use of a continuous-scan laser Doppler vibrometer (CSLDV) for measuring the response mode shape of a structure's surface has been described elsewhere 1 for straight-line scans, and for area scans in a companion paper here 2 . If the structure's vibration is sinusoidal at every point scanned, the vibration measured during a continuous scan is modulated so that, in the frequency domain, there are components at the basic response frequency, and at sidebands spaced symmetrically about it. These sideband data are easily processed to give the coefficients of a polynomial expression for the response mode shape.
Out-of-plane deflection mode-shape data may be sufficient to decide the viability of a design but, quite commonly, stress or strain data would be even more valuable. These are, for simple beams and plates, functions of curvature, of second spatial differentials of out-of-plane deflections, and a CSLDV scan should, in principle, make the derivation of such differentials a trivial matter, because the response is directly available as an easily-differentiated polynomial series.
In practice, higher order terms in the response polynomial series are small, and not measured accurately with a CSLDV: indeed some terms may not be measured at all. Although these do not much affect the deflection response shapes, they may have a crucial influence on curvature distribution. A correction technique is proposed here, which will, in some cases, overcome this problem completely.
BEAM MODE-SHAPE MEASUREMENT
If an LDV is scanned sinusoidaly along a straight line over a surface vibrating at a frequency ω, the LDV output spectrum has a sideband structure, centred on ω, the sidebands being spaced at multiples of the scan frequency 1 . It is convenient to assume the scan to be of amplitude + 1, with zero at the scan mid-point, so that the point addressed is t t x Ω = cos ) ( (1) With a straight-line scan the sideband structure is always, theoretically, symmetrical; although phase spectrum symmetry requires the signal sampling to be triggered suitably from the scan signal.
The ODS (Operating Deflection Shape) is assumed to follow a spatial polynomial series, defined along the line.
i.e.:
Substituting for x(t) from equation (1):
When equation (3) is expanded out, multiple terms arise at frequencies ) ( Ω ± ω n . Upper and lower sidebands are equal, for both the in-phase (real) and quadrature (imaginary) components.
After some manipulation, it can be shown that the sideband coefficients, S in equation (4) , are related to the polynomial coefficients, V in equation (3), by a simple matrix transform:
Suffixes a and b are used for real (in-phase) and imaginary (quadrature) mode-shape components, respectively. The matrix [T] has been derived explicitly elsewhwere 1 . In some cases the relative Operating Deflection Shape (ODS) is real, and only one of the equations (5) need be employed.
Equally, of course, if a polynomial series has been established for a particular ODS or natural mode shape, the sideband pattern to be expected from a relevant LDV scan is given by:
Curvature analysis
Suppose that a CSLDV is scanned along a length +L of a beam, vibrating at a frequency ω. Then, as described above, the ODS may be obtained as two series, real and imaginary, each of the form
For a simple Euler beam, the surface strain at a point is 
I being the second moment of area for the beam cross-section.
i.e. 
Correction of ODS coefficients
Scanning LDV measurements are, of course, not free from error and it is obvious that inaccuracies in higher-order polynomial series terms have a far greater impact on the curvature, stress and strain than they do on out-of-plane displacement. It is, however, possible to correct higher order series coefficients, using just the lowest four, i.e. V 0 , V 1 , V 2 , V 3 and V 4 in the casewhere the underlying form of the stress expression is known -as is assumed here.
If the beam-length +L is uniform, straight and free, i.e. there are no other constraints, added masses, etc., over this length, the bending moment can also be expressed, Figure 1 , in terms of the moment and shear force at the left-hand end, and the inertia force due to vibration. i.e. the bending moment M 1 , at a point, distance x 1 from the centre is:
where ρ is the line density of the beam, in kg per m length. By expanding y using equation (7), the integral in equation (10) 
ω is the vibration frequency in rads/s, L is the (half) scan length, ρ is the line density, E the Young's modulus, I the area second moment, and V n the n th polynomial coefficient.
And, directly from equation (11),
In principle therefore, if just five polynomial coefficients are known, all others may be derived, provided that the beam section being scanned may be assumed to have a uniform cross-section. Note also that equation (11) may be used to derive a value for EI ρ which may be applied to mode shapes acquired at any test frequency, ω.
Equations (12) can also be used to extend sets of experimental polynomial coefficients, to provide a basis for more exact curvature expressions. In fact, an iterative procedure is appropriate, because the extended set of polynomial coefficients can then be used to compute a corresponding set of sideband coefficients which will be different from the original measured values. This procedure is outlined in the flow diagram, Figure 2 , and its application is described below. Derive Sidebands
When convergence is achieved, the set of polynomial coefficients conforms to equations (12), and the lower sidebands, derived by using equation (6), are the same as the measured values.
Experimental investigation
To check on the accuracy of the curvature and deflection measurements for straight-line CSLDV scans, measurements have been made on a simple, free-free steel beam, 32mm wide, 10mm thick and 950mm long, as illustrated in Figure 3 . Figure 3 Test set-up for LDV scan on a simple beam.
The beam was supported by thin cords and excited by a small shaker attached to its centre, as shown. Excitation at a natural frequency was ensured by monitoring the input force with a piezoelectric force gauge, the frequency being adjusted until the force signal was minimal. At this condition the response could be virtually guaranteed to be in a pure natural mode-shape. Two scan positions were employed, as indicated in Figure 3 , one between the mid-point and one end, the other between points A and B. 
an equation derived from standard theory On taking second differentials, the measured polynomial inevitably gave a 5th order polynomial, with the coefficients in Table 1 column 4. The resulting fifth-order curve shows considerable error from the theoretical solution (right-hand side of Figure 4 ). A corrected polynomial series, extended and iterated as described above, is included in Table 1 column 5, and the second differential curvature series coefficients in column 6. The curvature distribution, plotted from the column 6 coefficients, is greatly improved, as indicated in Figure 4 .
100 iterations were applied, to ensure convergence on an optimum solution. The sidebands equivalent to this final estimate were obtained using equation (6), and are listed in Table 1 column 7, for comparison with the original measured sidebands (column 2). It may be noted that the first five of these are, as they should be, identical with the original measurements. These five sidebands are the only data used to derive the curvature distribution in this procedure, the accuracy therefore depends on the accuracy with which they were measured initially. Lest the half-span scan be thought to be a special case, Figure 5 illustrates a similar measurement with a scan over a different region of the beam, A -B in Figure 3 . Again, the uncorrected deflection mode shape appears to be quite satisfactory, but there are considerable errors in the curvature distribution, which are removed by the iterative seriesextension process. 
A low-order mode -a special case
A similar process has been applied, using a half-span scan, with the beam vibrating in its lowest free-free bending mode, at 57.9Hz. Measured sideband amplitudes and derived polynomial series coefficients are listed in Table 2 . As before ( Figure 6 ) the approximation to the deflection response mode shape is quite satisfactory, but the derived curvature is poor. In fact, since the experimental measurement only produced a cubic equation for the mode-shape, only two terms remain after double differentiation, and the curvature distribution is necessarily a straight line, equivalent to a static deflection situation. The procedure used to improve the curvature measurement for Mode 3 cannot be directly employed in this case because only four polynomial terms were obtained from the scan measurement, and five are needed if equations (12) are to be used.
However, the Mode 3 results were used, with equation (11) The polynomial series can now be extended and iterated as before.
The final result, although a considerable improvement, is not as good as for the Mode 3 results. The final data can, of course, be no better than the initial sideband data.
Identification of beam section properties
Equation (11) may be used to check the section properties of a simple beam, experimentally. In the case-study covered in this paper these are easily calculated, but in other situations, with built-up beams, or with beams of complicated cross section, density and second moments of area may be less certain.
For the test beam, the line density, ρ, was 2.5 kg/m and the second moment of area, I, was 2.683x10 -9 m 4 , based on an assumed density of 7800 kg/m 3 and measured dimensions. These, together with an assumed Young's modulus of 207 GPa, give an estimated value of ρ/EI of 0.00450 s 2 m -4 .
Each ratio in equation (11) gives the same value for ρ/EI when based on iterated polynomial deflection coefficients, because this is, effectively, the convergence criterion. The data in Table 1 , with a (half) scan length of 0.2375 m, and a frequency ω = 2π x 313.6 Hz, give a value of ρ/EI of 0.00433 s 2 m -4 . The scan data on which Figure 5 is based gave ρ/EI = 0.00451. It may be noted that a previous attempt 4 to identify beam properties in this way was rather unsuccessful because the iteration process was not employed and the polynomial coefficients were hence not sufficiently accurately determined.
PLATE VIBRATION
The basic principle described above can, in principle, be extended to plate vibration. A CSLDV area scan will give ODS deflection coefficients V n,m for a polynomial series of the form
. The deflection mode shape w(x,y), where w is the out-of-plane displacement in the z-direction, is given by w(x,y)=v(x,y)/ω. From classical theory 5 , the normal strains in x-and y-direction at the surface of an isotropic plate are: 
where x and y define the position on the plate, from the centre of the scan. The strains at x, y are therefore:
and the stresses are:
E is the Young's modulus and ν the Poisson's ratio.
The stresses and strains can thus all be computed quite straight-forwardly from the measured polynomial series for the deflection, just as they can for a simple beam, but with the same reservation that the series is almost certainly inaccurate, especially the higher-order terms.
The augmentation and iteration process, described in 2.2 for a uniform beam can be adapted to uniform-thickness plates. Proceeding as before, the bending moment intensities at point x,y in a plane, parallel to the x-and y axes are Equations (18) and (19) can be evaluated and solved to give fifth-order ODS polynomial terms, and above, in terms of the lower terms V 0,0 to V 4, 4 . The formulae are more complicated than those for beams, equation (12). As examples:
( )
The iteration outlined in Figure 1 may be used for plates as well as beams, though the arithmetic is obviously more extensive. At the time of writing, the software to implement this plate analysis procedure has not been completed and validated, and no practical demonstration is therefore available.
CONCLUDING COMMENTS
Stress and strain distributions due to sinusoidal bending vibration of beams and plates can be derived from second spatial derivatives of the displacement ODSs. This process is in principle particularly simple if the ODS mode shape is available as a spatial polynomial expression, which is the case if a CSLDV is used.
This possibility has been explored for the case of a uniform free-free beam. A straight-line sine-scan LDV was used. LDV output spectrum data are required: amplitude and phase at the centre frequency and at sideband pairs, processed to give polynomial coefficients. Unfortunately, higher terms, which may be too small to be measured, have a crucial influence on stress and strain distributions, particularly in the outer 25% of the scanned line, which is often the most important part of the scan.
The deflection polynomial coefficients for a free span of a simple, uniform beam, are linked by simple relationships, and an iterative process has been devised, on this basis, which converges on a polynomial series that should give a much-improved curvature distribution. (The final result can never, of course, be better than that dictated by the accuracy of the original sideband measurements.) If the correction process is not applied, deflection ODSs may be measured with reasonable accuracy, but curvature, bending moment, stress or strain distributions, derived from second differentials, will never be reliable. The iterative process described here is applicable only to bending modes of uniform, slender beams, to which Euler beam theory applies. It is also a requirement that the beam segment scanned is free, that is to say, there must be no external forces due to attached structures, within the scanned line. The beam, at the ends of the scanned line may, however, be constrained in any way.
The iteration technique fails if the mode-shape approximates to a static deflection (cubic) curve. However, data from another ODS, if available, can be used, even in this case, to improve the estimate of curvature distribution.
